
= (ko24A/2)(1/(1 + ko2f2 + ko204)).
If a is small enough (so that 4 <1), it is a fair approxi-
mation to drop the last factor above, whence

gJo = m(26/ko2)"4. (25)
This approximation for bandwidth becomes better as a
becomes smaller.

SHUNT-PEAKED ULTIMATE

It is interesting to try a similar ultimate computation
in this case. Using the same method as in the resistance-
capacitance case, one has first

= m(2A/ko2) l4Nl/4Wl/N (26)

A maximum is found at

N= 4A (27)

where A is again given by (18). When substituted above,
this gives an expression for the ultimate bandwidth, and
the theorem: In an identical stage, shunt-peaked, precision
amplifier (k = -1) with given over-all gain, the ul-
timate bandwidth is obtained when the number of stages is
such that the gain per stage is one-quarter Neper. This
bandwidth is then given by

| =-m(A/2Aeko2)'14 (28)

The above is clearly larger than the uncompensated
ultimate (17), for the quantity in parenthesis is less

than unity but greater than before.

CONCLUSIONS
The maximum found in (28) is fortunately very

broad, since for any appreciable amount of gain, the
ultimate design requires an inordinately large number
of stages, and is hence not practicable. Its chief role is to
determine immediately if given requirements can be met
at all. For instance, with ordinary tubes, gm 2500
micromhos, c = 25 micromicrofarads, and with a gain of
5 Nepers (=43.5 decibels) and a tolerance of 4 per cent,
the ultimate bandwidth without compensation is about
860 kilocycles. If this amount of amplification were
needed from the camera tube to transmitter, then one
can see that modern high-resolution television would be
impossible with these tubes without compensation.
With compensation under the same conditions, the ul-
timate bandwidth becomes about 4.8 megacycles.
When a practical problem is given, it is often con-

venient to compute first the ultimate, and if this is more
than enough, then to solve (15) or (26) for the required
number of stages.

Similar computations can be carried out for other
forms of compensation, for instance for so-called series
peaking, but the results in this case are of doubtful
value, since the response curve is not monotone. For
curves with fluctuations, a different approach is needed.

Equivalent T and Pi Sections for the
Quarter-Wavelength Line*

C. G. BRENNECKEt, ASSOCIATE, I.R.E.

Summary-An equivalent T section is derived for the high-
frequency quarter-wavelength line, and the action of the line is
shown to follow the behavior of its equivalent network. An equivalent
pi section for the line is similarly derived and discussed.

r HE useful properties of the quarter-wavelength
electrical transmission line at high frequencies are
well known. These properties are customarily

deduced by applying the special conditions of the case
to the general transmission-line equations. It is the pur-
pose of this discussion to point out that the quarter-
wavelength line may be represented by a lumped
reactive network of simple structure and interesting be-
havior, which behavior may then also be expected of
the line.

CONSTANTS OF THE EQUIVALENT T

An equivalent T section of the form shown in Fig. 1
may be constructed for any smooth transmission line,

* Decimal classification: R116. Original manuscript received by
the Institute; March 18, 1943, revised manuscript received, April 30,
1943.

t Associate Professor of Electrical Engineering, Lehigh Univer-
sity, Bethlehem, Pennsylvania.

if the values of the branch impedances are chosen ac-
cording to the equations

Z1/2 = Z0 tanh 0/2 (1)
Z2 = Zo/sinh 0 (2)

where Zo= z- y and 0 =V/
Zo being the characteristic impedance, 0 the "electrical
length" of the line in hyperbolic radians, z the series
impedance per unit length, I the length of the line, and
y the transverse admittance per unit length.
At high frequencies, the series resistance and the

transverse conductance of the line become negligible
compared to the series reactance and transverse sus-
ceptance respectively, and we may write

Zo= L (3)
L being the inductance per unit length and C the ca-
pacitance between wires per unit length.
The hyperbolic argument 0 may be written in complex

form as
0 = cd + jul. (4)

The real part al represents attenuation and may thus
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be neglected at high frequencies. The quadrature term
f3 represents phase rotation, which must be 7r/2 radians
for a quarter-wavelength line. Thus, for this line, sub-
stituting the special conditions in (1) and (2),

Z,/2 = VL/C tanh j7r/4 = j Ctan r/4
= jL/C (5)

Z2 = vL/C/sinh j7r/ 2 = - j\/ LC/sin 7r/ 2

- - L/tC. (6)
The equivalent T section for the quarter-wavelength

=Zotanh4- Z-=Z tanhe2o 2 2 0 2

Z=z_o<g2 SnhO

0-
Fig. 1-Equivalent T section.

line then takes the form shown in Fig. 2, with induct-
ances for arms and a capacitance for staff, each having
the same value of reactance in ohms at the frequency of
operation. This special form of symmetrical T section

jX=j{ jX-j LC

where YL=GL-jBL is the admittance of the load Z34
Thus the insertion of the inverting T section ahead of a
load impedance transforms that impedance into a con-
stant times its own admittance. Stated in another way,
the impedance RL+jXL is transformed into another
impedance having an equal phase angle in the opposite
sense, and a magnitude determined by the value of the
unit reactance X of the T section.

Equation (7) may be restated in the form
Z12Z34= x2 (8)

RL

3XL

Fig. 3-Loaded inverting T section.

which indicates that the inverting T section has the
property of effecting a perfect conjugate match between
two impedances, providing only that their phase angles
are identical. In the case of two resistances, of course,
(8) becomes

R12R34= X2. (9)
Equations (8) and (9) are consistent with the con-

ventional theory' of resistance matching by means of a
T network of pure reactances. The standard equations
for such matching are

R12R34= - (X1X2 + X2X3 + X3X1) (10)

Fig. 2-Inverting T section.

may be called, for want of a better name, the inverting
T section, by virtue of a property which may easily be
demonstrated.

PROPERTIES OF THE INVERTING T SECTION

Fig. 3 shows a T network of the same type as that
of Fig. 2, loaded at its output terminals with an induc-
tive impedance Z34=RL+jXL. If we call Z12 the input
impedance of the combination, then

Z12=jX+ (-jX[RL+j(X+ XL) ]/RL+jXL.)
=jX+( [-jXRL -X2+XXL] [RL -jXL]/RL2+XL2)

= (jXRL2+jXXL2+RLX2+RLXXL-jXRL2
-XXLR L -jX2XL -jXXL2)/(RLL XL )
X2[(RL/RL2+ XL2) -j(XL/RL2+XL2)]

= X2[GL-jBL ] = X2YL (7)

and
R12/R34 = (X1 + X3)/(X2 + X3) (11)

in which Xi and X2 are the arm reactances and X3 is the
staff reactance of the matching network. In the case of
the inverting T section X1=X2=X and X3 = - X, and
therefore (10) becomes identical with (9) and (11) be-
comes indeterminate. It seems to the author that when
resistances are to be matched by means of a reactive T
network, and no other constraint exists on the values of
the components of the network, the use of the inverting
T section permits a rapid and easy calculation for the
design of the matching net, by means of (6).

In a recently published text,2 Ware and Reed use an
inverting T section to illustrate a calculation in im-
pedance matching. They cite it, however, only as a
special case of the symmetrical T section, and make the
statement that a symmetrical reactive T section that
is, one whose arms are identical but whose staff may be
any value of reactance, can be designed to match any

1 See, for example, W. L. Everitt, "Communication Engineering,"
McGraw-Hill Book Company, Inc., New York, N.Y., 1937, p.- 244
et seq.

2 L. A. Ware and H. R. Reed, "Communication Circuits," John
Wiley and Sons, Inc., New York, 1942. (Reviewed in this issue of
the Proceedings, page 54.)
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two resistances. This statement is inconsistent with (11),
which shows that in general such a symmetrical T sec-
tion can only match between equal resistances. Since
the staff reactance is equal and opposite to the arm react-
ance in the inverting T section, this constraint is
avoided. Of course, as for all reactive matching net-
works, the match occurs at only one frequency.

It is interesting to note that Fig. 3 may be inter-
preted as the equivalent circuit of a tuned transformer,
with both primary and secondary in resonance before
the addition of the load Z34. Since the mutual impedance
of the transformer is then -X, equation (9) indicates
that the coupling is critical; i.e., Zm =VR\2R34.

THE EQUIVALENT PI SECTION

The quarter-wavelength line may also be represented
by an equivalent pi section, the constants of which are
easily determined. The network of Fig. 4 duplicates

S2Z2 2Z2

Fig. 4-Equivalent pi section.

the electrical behavior of a transmission line, provided
that Z1 and Z2 are now impedances specified by the
equations

ZA = ZO sinh 0 (12)
2Z2 = Zo coth 0/2. (13)

From (3) and (4) and the special conditions for the
quarter-wavelength line at high frequencies,
Z1= V/L/C sinh j7r/2 =jV\L/C sin ir/2=iL/C (14)
2Z2= VIL/C coth jr/4= -jL/C cot ir/4= -j\/L/C (15)
giving the form shown in Fig. 5 for the equivalent
pi section for the quarter-wavelength line, where
X = LC as before.
The pi section of Fig. (5) may also be derived directly

from the T section of Fig. 2 by using the T -pi trans-
formation equations of network theory. Employing the

conventional nomenclature for this transformation, if
ZA, ZB, and Zc are the elements (taken in clockwise
order) of a pi network which is to be electrically equiva-
lent to a T network having arm impedances Z, and Z2
an(1 a staff impedance Z3, then

jX

-jX -jX

j~~~~~~~~~~~1

Fig. 5-Inverting pi section.

ZA = (Z1Z2 + Z2Z3 + Z3Z1)/Z2 (16)
ZB = (ZlZ2 + Z2Z3 + Z3Z1)/Z3 (17)
ZC= - (ZAZ2 + Z2Z3 + Z3Z1)/Z1. (18)

Substitution of the values of the components of the T
section of Fig. 2 into (16) to (18) will at once demon-
strate the equivalence of the pi section of Fig. 5. The
latter will thus of course exhibit the same properties of
inversion and impedance matching as the original T
section. In fact, since individual circuit considerations
often require the use of a matching section with ca-
pacitive input and output, the inverting pi section may
be of more general utility than its T equivalent.

CONCLUSION
In view of the fact that the quarter-wavelength line

may be represented by the T section of Fig. 2 or the
pi section of Fig. 5, the properties of these inverting
sections may be ascribed to the line. The latter, then,
will act as on impedance transformer, giving a perfect
match between resistances and a conjugate match be-
tween impedances whose phase angles are the same. It
will also invert an impedance, making it appear as a
constant times its own admittance.

While no previously unknown property of the quar-
ter-wavelength line has been shown here, it may be that
a similar representation of other high-frequency lines,
stubs, and antenna feeders by equivalent pi or T sec-
tions will lead to a better appreciation of their potential
applications.
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